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Plasma properties: Energy and Plasma Frequency

1 energy

Let us return to the Debye-Hückel potential

φ(r) =
Q

4πε0

e−r/λD

r
, (1)

which we have discussed in the last lecture. φ(r) describes the effective potential
of an electron in a plasma, which is not any longer just ∼ r−1. This results from the
necessity for a plasma to maintain charge neutrality by arranging the electrons in a
shielding configuration. This means nothing else than that the motion of particles in
a plasma is not as random as in a neutral gas and that the energy of a plasma is not
just the interior energy of a neutral gas. Following Debye and Hückel we will now
determine the contribution of the correlated plasma particle motion to the energy.

The energy of a system of N electrostatically interacting charged particles is

Ee =
N
2

eφa,

where φa is the potential of the field resulting by the other charged particles acting on
the ath particle. We can find φa by expanding Eq. 1 into a Taylor series and dropping
the non-linear terms

φ(r)≈ e
4πε0

1
r
− e

4πε0

1
λD

.
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The first term is the Coulomb field of the particle itself, while the second term is the
field resulting from the other particles, i.e. φa, and thus

Ee =−
N
8

e2

πε0

1
λD

=−N
8

e2

πε0

(
n0e2

ε0kBTe

)1/2

,

=−N
e3

8πε3/2
0

n1/2
0

(
1

kBTe

)1/2

=−N3/2 e3

8πε3/2
0

(
1

VkBTe

)1/2

,

where V is the volume. This allows us now to compute the free energy F of the plasma
by using

Free energy F(T,V,N) =
U−T S

E
T 2 =− ∂

∂T
F
T
,

and

Fplasma = Fideal−T
∫ Ee

T 2 dT = Fideal−
2
3

Ee.

From this follows that the pressure is

p(T,V,N) =−∂F
∂V
|T,V =

NkBT
V
− Ee

3V
.

2 plasma frequency

Because of charge neutrality a polarization E field will arise from charge imbalances,
which eventually will reestablish the neutrality. It is a reasonable assumption that
the magnitude of the charge imbalance is proportional to the charge displacement,
suggesting that we can describe the response of the plasma to a charge imbalance by a
restoring force given by Hooke’s law, i.e F =−k∆x.

Let us now consider a slab of electrons of density n0 and a background of immobile
ions of the same density. Now we displace the slab by ∆x:
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The field strength is given by Gauss’ law

∇E(r) =
n0e
ε0

E =
n0e
ε0
∆x,

which gives us the equation of motion for the electrons

F = me
d2

dt2∆x =−eE =−n0e2

ε0
∆x,

0 =
d2

dt2∆x+
n0e2

ε0me
∆x.

The resulting equation describes an harmonic oscillator ẍ+ω2
0x = 0, where

ω0 =

√
n0e2

ε0me
(2)

is the plasma frequency. The resulting plasma oscillations, discovered by Irving
Langmuir and Lewi Tonks in 1929, are called Langmuir waves. Note that ω0 does
not depend on the wavelength λ implying that the corresponding phase velocity is
proportional to λ and the group velocity vanishes, i.e. there is no charge transport.

Note also that the product of the Debye length and the plasma frequency

λ2
Dω

2
0 =

ε0kBTe

n0e2
n0e2

ε0me
=

kBTe

me
= c2

s

is the thermal velocity.

3 criteria for a plasma

We are now prepared to discuss when we will observe plasma effects:

DEBYE SHIELDING: For Debye shielding to happen the number of electrons within
the Debye sphere must be large, i.e.

ND =
4
3
πλ3

Dne� 1.

PLASMA WAVES CAN PROPAGATE: For a wave to propagate the number of collisions
during the oscillation time scale 1/ω0 must be small.

THE DIMENSION OF THE SYSTEM MUST BE MUCH LARGER THAN λD
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4 how to solve a plasma problem?

Recall from our first lecture that to solve a plasma problem means to find a good
approximation for the system of about 1023 coupled equations:

Lorentz equation

Maxwell’s equations

gives xi, vi from E and B

gives E and B from xi, vi

So what can we do here? The general approach is to average over sub-groups of parti-
cles and to derive equations of motion for the resulting distributions:

VLASOW: For each specie σ we average over the particles at x with v (〈 〉), which
gives us distributions fσ(x,v, t).

TWO FLUIDS APPROACH: For each specie σ we average over the particles at x (〈 〉v),
which gives us distributions for the density nσ(x, t), mean velocity u(x, t), and
the pressure Pσ(x, t) (relative to the mean velocity).

MAGNETOHYDRODYNAMICS (MHD): We average over all species at x (〈 〉σ), which
gives us the center of mass density ρ(x, t), the center of mass velocity u(x, t),
and the pressure P(x, t) (relative to u(x, t)).
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